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Abstract

We show a nice symmetric/antisymmetric relation between the four vector Lorentz
transformation and the Dirac spinor one in the Majorana representation. From the
spinor one, we exhibit the antisymmetric pending of the symmetric Minkowski met-
ric. We then rewrite the Dirac equation in various ways exploiting group properties
induced by these relations, and this without complex numbers. We show also a nice
relation with a five dimensional metric. When done, we will see that the traditional
complex electromagnetic coupling could be handled also without complex numbers
by just considering two coupled real fields instead of one complex field. Finally, we
will show that going toward six or ten dimensional spacetime would be more natural
from a group point of view.

1 The coordinate Lorentz transformation, the symmet-
ric Minkowski matrix

A coordinate Lorentz transformation on a tuple z#=%123 of four real numbers can be
written: i
Lo (Alo)t = ()" (1)
with the Minkowski 7 4x4 real symmetric matrix being:
1 0 0 0
et [ O =1 0 0
1o 0o -1 0
0O 0 0 -1

and A being a 4x4 real antisymmetric matrix. Concerning the exponential, someone must
note the pattern: antisymmetric matrix A, parametrizing a Lorentz transformation, mul-
tiplied by the constant 7 4x4 real symmetric matrix. A 4x4 real antisymmetric matrix
having six free parameters, we recover the number of parameters (three rotations plus
three boosts) of a Lorentz transformation.
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2 Scalar, vector Lorentz transformations
On a field ¢(z) (no index), a tuple V#=9123(x) of fields, they are defined with:
L5 (Alp)(L°(Alz)) = ¢(x)
L (AL (Alr)) = (V7 (x) (2)
We can also introduce the “down” vector transformation on a V,—g1.23(x):

LAV (Z5(Alw)) = (e )V, ()

I

3 17 as a metric

If the length of a V#(x) is defined, in matrix notation, with:
) (V)(@) = V(@)V(z) = (V(2),mV* ()
(t for the transposition operation), it can be shown easily that it is a Lorentz invariant:
(L (AIV))(Z*(Alx)) = 1) (V) (@)

due to the fact that: .
(e =y

It is a general property that if A is an antisymmetric square matrix and S a symmetric
square matrix of same dimension, we have:

t dem _ dem
(BAS)SeAS lem o SAGSAS e g

t dem _ dem
(eSA)AeSA len e ASeASA len A

This second property will have some importance in the following. If S and A are invertible,
we have also:

— t em — — em — — em p—
ASGLE((AS) dem (AS g=1,—54 dem (AS —AS g1 dem g1 (3)

_1t dem — _ dem — —1 dem —
€SAA1(€SA)e:€SAA eASe:€SA€SAAle:A1



4 Dirac spinor Lorentz transformation

On a tuple ¢2=0123(7) of fields, we define the “spinor” Lorentz transformation with:
Lo(Al)* (£L(Alz)) = (e"H)gyP () (4)
with I'[A] being:
or 1 y
PlA] = gl (A

with the v#=%123 being four 4x4 complex matrices verifying:

{7, 7"} =201 (5)

with I being the four dimensional identity matrix.

Presented in this form, the ") appearing in formula (4) is less appealing than the e?”
appearing in (2); it looks a little bit exotic and much more complicated, but we are going
to show that in fact it can be presented with the same similar quite simpler structure than
in e4”,

About the definition and properties of I'[A], have a look to Appendix B with S = 7.
In particular we have the two important properties:

el e A= (e )iy (6)
A —T[A] dem / An\v
oIl }’Vue ['[A] den (e n)ﬂ% (7)
with the down 7, being:
def v
Vo = MY
Since the e matrix looks complex, up so far, the 1*(x) have to be complex numbers
too.

5 The Dirac equation

Over a ¢*(z) tuple, it reads:

. o mc
i(1")30,0° (@) = "0 (@)
or in a more compact matrix notation:
. mc
(@) = () ©)

By using (1), (4) and exploiting (6) we can show quite easily that it is a Lorentz invariant.
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6 Terminology, notation
In this article, the words "coordinate”, “scalar”, “vector”, “tensor”, “spinor”, etc are used
as a qualifier for a transformation and not to define a tuple/matrix of numbers or func-

tions/fields as for a*, ¢(x), V#(z), Y*(x) or later g, (x).

On an advanced theory, the same tuple/matrix of numbers/functions may be subjected
to various transformations, and then labeling them with such qualifiers can lead to con-
fusion. (For example, we can see in Appendix D that the tuple of functions ¥®(z) is
subjected to a scalar transformation for & but to a spinor one for the %} transformation).

It is only in a context where only one transformation is around that we can displace
such qualifer toward a tuple/matrix, and then speak for example of the A, (z) “vector”
electromagnetic potential or the ¢ (z) “spinor”. (In this text, we stick to the tradition of
noting a tuple subjected to a vector Lorentz transformation .#* with an uppercase latin
letter, as V(x), and of using the lowercase greek letter ¢ (z) for a tuple submitted to a
spinor Lorentz transformation .£°).

For the transformations, we use a notation that may look heavy, but which is in general
complete in the sense that it carries all the needed informations:
indices (

T alifier (harameters|whatever) arguments)

with “qualifier”” that could be upward or downward, “parameters’” being a set of tu-
ples/matrices of numbers/functions and “whatever” being a tuple/matrix of numbers or
functions submitted to the transformation. The result of a transformation being also a tu-
ple/matrix of numbers/functions, it has in general upward/downward indices and ending
brackets with arguments.

For functions/fields depending of parameters, we use:

name[parameters|(arguments)

We use also = in case an equality is a definition (left side is defined by the right side),

and = when an equality comes from a demonstration (left side is demonstrated to be the
right side). We have also = in case an equality is demonstrated by using a computer
algebra system (CAS).

We definitely avoid the practice of setting A = ¢ = 1 which complicates the reading of
the dimensionality of quantities.

Let us go now to the core of this article.



7 The A, basis, I', matrices and 6 parametrization

77777

/0000\ 000 0 (0000\
g [00 0 0 000 S 00 1
" l1oo0 o0 71000 *“lo-100
\00—10) \0 10 0 ) \0 0 0 0)
0 100 01 0 0 00 1
Ad_ef/—looo\Ad_ef( ooo\Ad_ef(oooo\
7 o o000 7| -t 000 7 o o000
0 00 0) 0 00 0 \ -1 00 0

These matrices form a basis for any 4x4 real antisymmetric matrix (see Appendix B for
some of their properties).

Instead of parametrizing a Lorentz transformation with a A antisymmetric matrix, we
can do it by using six real numbers 6% so that:

A=0'A, & 0°= —%Tr(AaA)

With this choice for the A, matrices, the tuple (6130, 0, 0) parametrizes a spatial rotation,
whilst (0,0,0,0%%6) parametrizes a boost.

By using also the I', matrices defined with:

def ]-

L'y = g[%u 'YV](Aa)lzj

(see also Appendix B with S = 7), we can write now:
LBy (A
L OV)(L5(0]r)) = (" AMLVY (2)
Lo (0l)* (L°(0]2)) = ("5 (2)

8 Hidden Dirac-Majorana antisymmetric £ matrix

In the Majorana representation, the v#=%123 matrices are (see Appendix A):

0 0 0 -1 1 0 0 O
NECY 0 0 1 O MY 0 -1 0 0
0 -1 0 0 0 0 1 O
1 0 0 O 0 0 0 -1
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0 0

2 def 0 0
L |
1 0

with:
0 -1
def 1 _]- 0
S5=30 0 o
0 0
-1 0
def 1 O 1
=31 0 o
0 0
0 0
def 1 0 0 -
S
1 0

O R OO = O OO

0

being all real symmetric matrices!

1 0 -1 0 0
0 sac | =1 0 0 0
0 = 0 0 0 -1
0 0 0 -1 0
0 0 0 1
0 0 =1 0 | aem. o
o1 0 0| =Y
10 0 0
I, =S,
0 0 0 -1 0
0 gl 0 0 0 -1
1 2791 -1 0 0 0
0 0 -1 0 0
0 1 0 0 0
0 g arl[ 0 =10 0
0 7910 0 1 0
—1 0 0 0 —1
1 0 -1 0 0
0 gl -1 0 0 o0
0 c~ %1 0 0 0 -1
0 0 0 -1 0

We have the remarkable fact that the coordinate, vector and spinor Lorentz transfor-
mations with the #* as parameters, now look like:

R N G

LV (L) & (A ()
L2010 (L(0]0) = ()30 ()

(9)
(10)

We note the remarkable and nice interchange of symmetric/antisymmetric real matrices

between (9) and (10) with:
(Aas 1) & (Sa,€)

6
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To spot this interchange, we can write the vector/spinor group commutators together:
dem
[Aana Abn] = labCAcT] (11)
dem
[Saf, Sbg] - labcscf

with the same [,,° real constants (see Appendices B and C).

We note also that since e/“<¢ is real, the ¢*(z) tuple does not have to be complex and
can stay a priori real.

9 Four symmetric matrices are lacking

The set S,, despite of being linearly independent, is not a complete set to form a basis of
the set of symmetric 4x4 real matrices (4, R). We should have ten matrices instead of
six; four are lacking! Four? but we have four 7,, and if ... yes! It can be shown that:

v = —iS,¢ (12)
with:
1 0 0 0 0 0 0 -1
~ def def 0 1 O 0 ~ def 0 0 _1 O
0=1= 1001 0 =10 -1 0 o0
0 0 01 -1 0 0 0
1 0 0 0 0O 0 -1 0
5 def 01 0 0 = def 0 0 0 1
2100 -1 0 %=1 10 0 o0
00 0 -1 0O 1 0 O
being all symmetric too!
We note that (7) can be written:
"5 (8,€) IS (A (5,€) (13)
We note also that we have:
{8u€, 5,6} = —2nl1
10 The S.¢ Dirac equation
We can rewrite now the Dirac equation as:
_ ~ mc
(771 S But(a) = (@) (19
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Since all matrices are real, the ¥*(x) tuple is a priori real.

For reasons that will appear clear later, we are going to rewrite it as:

N me
e () St 0, (a) = () (19
with the h#*(z) real fields being constant and defined as:

O e

If the h**(z) fields are Lorentz transformed as:
.o def aA, b
L7 (O0|h)y(L9(0]x)) = (" A (e” AR (x)
we have, due to (3):

2Oy @) ()

6

and we can show, with the help of (1), (10), (13), that (15) is Lorentz invariant. The
introduction of the h(z) fields may look cumbersome, but we do this to be able to compare
with other Dirac like equations coming in further sections.

11 The S,£ more natural Dirac like equation

Indeed, from the group point of view, since:

[Sa€, ShE] = 1Sl

and by defining the L, “adjoint” six 6x6 real matrices:

(La)b def lacb

c pu—
we have the exponential relation:
"5 5 S ()] 5y

So it would be much more natural to introduce the equation:
mc
B2 (1) S () = () (16)

= W (2)L 0,0 (z) = %w(l’)

This equation would be Lorentz invariant if the, a priori real, h**(x) fields be Lorentz
transformed as:

L0 (L5(0)z)) = (A (e E)ph (x) (17)

v
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It is a remarkable trick from Dirac that the lonely relation (5), leading to (6) avoided
to consider the more natural eqution (16). Once having written (6), the Dirac equation
(8), crowded with complex numbers, looks an ad hoc construction from the group point
of view. Someone may argue that (16) introduces the extra fields h**(z) that may look
cumbersome, but it is not new to see the introduction of coworking real fields related to the
Dirac equation; this had been introduced already, through “vierbein”, by people wanting
to handle the Dirac equation within the framework of general relativity (see Appendix D).
We see here that coworking fields emerged naturally lonely from a group point of view.

12 The A,n Dirac like equation

At this point, it is worth noting that we could introduce also the equation:

W () (Aam)§0,V () = ==V ()
1 () Aan 0,V (2) = %V(;p) (18)

which would be also Lorentz invariant with the same (17) transformation for the h(z)
fields, the (2) one for the V#(z) fields, and by exploiting:

c _pd dem e
69 Acn Aane 0% Agn lem (69 Le)l; Abn

induced by (11). We are not aware of any attempt to do physics with such version of the
Dirac equation which is invariant by vector Lorentz transformation only.

13 The ten >, matrices

We can show that the set of ten matrices X 4 such that:

def 1 ~
Ya=1,10 = 550,1,2,3,Sa:1,2,3,4,5,6

forms a basis of .7(4,R) with:

1.
{Xa8} = {51%, I
Concerning group constants we have now:

(248, 2pE] = CapYct (19)

with the real C4p¢ that can be computed with the same Tr() technique as in (34). If we
define the C4 adjoint ten 10x10 real matrices with:

C def C
(Ca)p = Can
by using ten ©4 parameters, we have the exponential relation:

€O () €7 OIS (97} (S5)
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13.1 The X 4¢ Dirac like equation

If considering that the {34} set is more complete than the {S,} set as a basis of 4x4 real
symmetric matrices, we can also write:

A mce
W (@) Bal Optp(a) = Flb(l’) (20)
But here, since the associated group involves ten ©4 parameters, we can’t define a coor-
dinate Lorentz transformation using 7. Instead, we can continue to speak of an internal
transformation .7 that let the z# invariant but transforms h#*4(x) and ¢*(z) such that:
T(O|x)* = gt = 6la”
o def [S1>
T°(O)*(x) = (7 77%)5¢  (v)

TO(OIR) () X (07D )P () = 51(e2 ) 4B (1)

14 Connecting to the fifth dimension

We have a remarkable connection between 7, the ten ¥ 4& 4x4 real matrices and a similar
logic around a five dimensional 5x5 real matrix metric defined with:

1 0 0 0 0
0 -1 0 0 0
ﬁf;“(g(l))d:ef 00 -1 0 0
00 0 —10
00 0 0 1

and a basis A A=1,10 of the ten 5x5 real antisymmetric matrices defined with:

0 0001 0 0 000
0 0000 0 0 00 1
ALAE]l 0o 0000 L=l 0o 0o 000
0 0000 0 0 000
~100 0 0 0 -1 00 0
00 0 00 000 0 O
00 0 00 000 0 O
ALAEl o0 0 01 ALEL1 000 0 0
00 0 00 000 0 1
00 -1 00 000 -1 0
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A def Aa 0
Ata(=1,2,3,4,5,6)=5,6,7,8,9,10 — 0 0

It appears that:
[Aaf, Api] = Cap®Aci)

with the same group constants as in (19): nicely strange! Since the number of parame-

ters in a (n=4)x4 symmetric matrix is @ = 10 and the number of parameters for a

dd=1) _ (n+Dl)n
2 2

(d=n+1=5)x5 antisymmetric one is = 10, it is not surprising to find the
same number of parameters, but it is more surprising to see that both set of ten 4x4 matri-
ces {X4&} and the upper ten 5x5 {A47} matrices give exactly the same group constants.

14.1 The five dimensional Dirac like equation

If, in the below, the index p and v=0,1,2,3 are taken for A=1,2,3.4 and a,b,c=1,2,3,4,5,6
for A=5,6,7,8,9,10, we can check that:

[AaﬁAbﬁ] dgn labcﬁcﬁ
1 ~ A ~7 dem v aA o~
[Aaf), Auf)] = (AamuAun
We have then, with 5x5 real matrices:
A (A i) e T (A (A7)
similar to (13), so that we can write an equation similar to the Dirac one but on a
Yo=0.1235 (1) tuple:
“\p A = . mc
(17 )a Aaf) 9, (2) = T (z) (21)

with W(z) transforming in a Lorentz transformation with:
. def A7
L7(O1)*(L9(0]x)) = (e HT)50 (x)

In this equation there is no exotic complex gamma matrices and the spinor transformation
in four dimensions becomes a more natural vector transformation in five dimensions!

15 A word on electromagnetism

Thanks to the Majorana representation of the gamma matrices, we have been able to get

rid of complex numbers in our various equations, but traditionally the sticky “i” appears
also when handling electromagnetism by writing:

" - q _mc
i {0u(a) + i By (@)(w)} = ") 22)
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with q being the electromagnetic charge and ®,(x) being the electromagnetic potential
related to the three dimensional Maxwell real U(t, Z) and A(t, ¥) with:

Oue = (ct, ) = (UL, 2), ~Alt, 7))
The @, (x) would be Lorentz transformed with:

"o, (1)

I

Z(A|®),(Z4(Alr)) = ()
By using our §a£ representation, it becomes:

q mc
L, (@)} = ") (23)

which exhibits the fact that “i” appears now only in the electromagnetic coupling to ®,,(z).
The complex coupling induces that ¢ (x) has to be complex, but if writing:

hee S, {0, (x) +i

WA (@) A () + i ()

we see that (23) can be written as two equations without complex numbers on two real
coupled fields ¥ (z) and # (z):

W Saf {0, (&) = =@, ()W (2)} = - (x)

he h
W Sol {0 (@) + - @u(2)V (2)} = A/ ()
| 1% S8 0 = SE0Y (@) = [ () 4 Sa)# (2) 29
[ 5,6, — %JW((I;) - —[% ®,(x) h" S.€]7 (x) (25)

We see now that complex numbers appear for electromagnetism in (22) mainly to write
in a more compact form two coupled real quantities.
15.1 Charge conjugation transformation ¢

With (22), charge conjugation transformation would consist to find a transformation € (v)
such that:

. . q mc
WO — L, ()€ () (2) = BEB (W) ) (20
By using the Dirac (or Chiral) representation of the gamma matrices, we get that:
¢ (W) (@) = vy (x) (27)

12



but by working with (24, 25), we see that:

C ) w) = W, P)(w) (28)
that is to say the charge conjugation is reduced to just a swapping of the two coupled
fields! We find this much more appealing than the much more algebraic (27). (On ¢(z),
(28) would be written € (¥)(z) = iy*(z)).

15.2 % transformation and our other Dirac like equations

The same conclusion would be reached with our other equations (16), (18), (20) and even
with the five dimensioal (21) one. Here too, electromagnetism could be handled by two
coupled real fields.

15.3 About Maxwell equations
When writing Maxwell equations in a four dimensional form, it appears equations like:
0, F" (x) = J"(x)
where F*(x) is antisymmetric. This equation is Lorentz invariant with:
L0 (L4O))) = (7 A)LT (x)
L OIF Y (L7(0]2)) = (" A )P (o) (29)

Since '™ is antisymmetric, we can introduce the six F'*(z) fields such that:
F*™(x) = (AL F(2)
With this, the upper equation becomes:
(Aa)0uF () = J" () (30)

which reminds the (18) equation.

Since (seee Appendix B with S = 7) we have:
696Aana L‘(eedAdn) dem (eOQLe)bAb

a

We can show that (29) induces:
LOOIF)(L5(0])) = (") FO(w)
which let (30) Lorentz invariant.
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16 Toward six or ten dimensional "adjoint” spacetime?

In the case of (14) and (21), h(x) is a constant and a square (4x4) real matrix, but in
case of (16) , (18) and (20) it is not a square matrix (4x6 or 4x10) and a priori not a
constant field. Being not square is not handy, but we can recover that by just going to a
space-time with six or ten dimensions! Indeed, if instead of (z#=%123) coordinates we go
toward (X*=17) or (X4=1710) then (16) or (20) become:

h(X) 546 0u(X) = “b(X)

mc
hAP(X) L€ 04t (X) = Fw(X)
They will be invariant with the transformations:
TOIX)" = (" P)p X

T2 (O1) (Te(01X) = (754307 (X)
TOIR)™(T(01X)) = (" )2 () 3he (X)

e

or:

TORO)* = (27X "
T°(OY)*(T°(0]X)) = (e9" 546507 (X)
FUOR)*P(T(0]X)) = (e°7C)4(e97P) EhFF(X)
We can even show that we can have constant h(X) fields. Indeed, if taking:
h(X) £ G
with the G 6x6 real matrix defined by:

der ~ det (I3a3 0 def
G—G6—< 0 _[3333) Is,3 =

o O
O = O
_ o O

we have:

THO1h)(T4(01X)) = h
and the same for K8 (X) with the Gy 10x10 real matrix defined by:

de de O
MB(X) = (Gro)s G = (g G )
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17 Checked numerically by computer

All the formulas used in this article had been checked numerically by computer. On the
author GitHub gbarrand, the repository “papers” contains the open source “SMAD” C-++
unitary test program that verifies the formulas found here.

18 Conclusions

Thanks to E.Majorana, it is interesting to see that the four dimensional vector and
spinor Lorentz transformations show a similar “AS/SA” real matrix pattern (S=Symmetric,
A=Antisymmetric), and that the “SA” real pattern for the spinor transformation is con-
nected to an “AS” real pattern in fifth dimension. With this in head, we see now the
Dirac spinor Lorentz transformation differently; instead of being related to some exotic
mathematical trick through complex Dirac matrices introduced through (5), we see it now
deeply related to a real antisymmetric £ matrix which is the pending of the real symmetric
7 matrix for the four vector transformation. By pushing to the fifth dimension, we can
even see it as a five vector transformation. Moreover, following the logic around this &
matrix, we see that the traditional Dirac equation looks rather incomplete and could be
extended in a more natural way to something as (16) or (20) that we write again here:

h (@) a6 Db () = S-0(a)

W4 (@) Bag B0() = Sou(x)

with the ¥(z) tuple not needed to be complex at this point, and the coworking h(zx) real
fields coming naturally from a group point of view. We saw also that electromagnetism
could be handled without complex numbers in all our Dirac like equations by just intro-
ducing two coupled real fields. Finally, we showed that going toward six or ten dimensional
spacetime would be more natural from a group point of view.

Appendix A ~* in Majorana representation

The v#=%123 in the Majorana representation are presented in general as (see [1] p.694):

0ar (0 o9 1 aet (103 0
T (02 0 ) T < 0 i03>
2 def 0 —oy 3 def [ —107 0
= 02 0 T 0 —’1:0'1
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with the standard Pauli 2x2 complex matrices being defined as:

w (01 awr (0 —i w (10
=11 0 2=\ 0 =\ 0 -1

With less complex numbers around, we can write them directly as:

0 0 0 —1 1 0 0 0
pas [ 0 0 1 0 pas [0 =10 0
i 0 -1 0 0 i 00 1 0
1 0 0 0 0 0 0 —1
00 0 1 0 -1 0 0
sas [ 00 10 sas [ =1 0 0 0
T 0 -1 0 0 v 0o 0 0 -1
1 0 0 0 0 0 -1 0

Appendix B v, ['[A] matrices
Let us have 7, and a S real symmetric square matrices such that:

{31} = 2801

I being the identity matrix. Note that we do not specify the dimensions of them! The -,
can be real or complex. With a little bit of algebra, we can show that it induces:

dem
H’V/M 71/]7 7&] = 4537# - 4Sﬁfyl/ (31)
If A being a real antisymmetric square matrix of same dimension as S, let us define I'[A]:

def ]-
DIAT 2 S ul(A):
The relation (31) induces:
[LA], 7] = (AS);

It is a general property (see [1] p.70) that for square matrices M, N, of same dimension:
def — dem
[M,N,] = C°'N, = eMNe™ = (eO)PN, (32)
Then we have the important property:

(Pl o~TIA] dem (,AS )

fYH 1% 71/

16



B.1 ~* “up” matrices

If defining v* with:
P E= (ST
we have:
{2y =257
em 1
DAL= Sl 1(SAS)]
[L[A],4#] = (- AS)y”
It is a general property (see [1] p.70) that for square matrices M, N of same dimension:
[M,N] = CgN® = eMN%e ™M= ()N

Then we have the important property:

CT1A]

—T'[A] dem ( —AS)M

v
€ v

e
B.2 The A, basis

77777

/0000\ 000 0 [0 0 0 0)
Ad_efoooo Ad_ef()00—1 g | 00 10
" oo o 71000 7 lo-100

\00—10) \010 ) \0 0 0 0)

0 100 10 0 001
Ad_ef(qooo\Ad_ef oooo Ad_ef(oooo\
R "7l -t 000 *~ o o000

0 00 0) \ 0 00 0) \ -1 00 0 )

These matrices form a basis for any 4x4 real antisymmetric matrix. We can show that:

Tr(AAp) = =204

B.3 A,S, adjoint matrices

It appears that:
A, SA, — ApSA,

is antisymmetric, and then we can develop it on the A, basis and write:

A SA, — ASA, Z CpA, = [AlS, AyS] = CutALS (33)
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The Cy° can be computed by using the matrix trace 7'r() with:
TT[Ad(AaSAb - AbSAa)] = CabcT’f‘(AdAc) = Cabc(—Qédc) dgn —QCabd
By defining the C, “adjoint” matrices:

(Ca)b d:ef Cacb

Cc

we have the commutators:

[Caa Cb] dg“ abCCc
and by exploiting (32) we have:

c _pd dem =
60 ACSAaSe 0%Ay4S len (69 Ce)ZAbS

c _pd dem €
60 Cccvae §¢Cy den (66 C’e)be

a

If S is invertible, from the first upper relation we can deduce that we have also:

eQCAcSAa t(eedAdS) dem (€9eCe)ZAb

B.4 TI', matrices

By using the upper A, real matrices, we define:

o 1
Ly = ghua%f](Aa)lzj

We can demonstrate that the commutators (33) induce:
dem c
[Faa Fb] = Uab Fc
with the same real group constants C,,°. By exploiting (32) we have also:

c _pd dem e
60 FCFQG 0Ty ten (69 CE)ZFb

B.5 The Baker—Campbell-Hausdorff development

If X and Y are matrices of same dimension, we have:

€X€Y = €Z

with:
1 1 1

Z[X,Y]dé“X+Y+2

12 12

18
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B.6 The & group operation

We can then define the @ group operation over some 6f and ¢ parameters such that:
a dem g a 1 apbpc 1 a dpnenbpc 1 a dpenbpc
(91 @ 92) - 01 + 92 + §Cbc 9192 + ECed Cbc 910162 - Eced Cbc 026192 +
following a Baker—Campbell-Hausdorff development. It permits to have:
01 AaS 3 AS dem (01@02)AaS

efila eegrb dem 6(91@02)ara

I'[A]

which enforce that ¢4 and e are two representations of the same group.

Appendix C [, and L, matrices

With the real [,,° introduced through:
[Aan, Apn] = L Aen
and the L, adjoint 6x6 real matrices defined with:

(L)t 2 1,

C

we have:
em _6' 0 em 0 6'
Lj—123 = ( 0‘7 —¢; ) Lo—u56=j+3 = ( ¢, (‘)7 )
with:
0O 0 0 00 —1 0O 1 0
a=1l0 0 1 =100 0 = -1 00
0 -1 0 1 0 0 0O 0 0

The L, have all the properties shown in the Appendix B with S = 7, In particular we have:
0°Ac —0%Agn dem ¢ G°Lo\b
e T Agn e = (€7 )y Apnp
T, o—09Ta dem (eeeLe)b T,

a

c _pd dem e
69 LCLae 0%Ly len (69 Le)sz

19



Appendix D & transformation, Vierbein

D.1 General frame transformation %

One feature of general relativity is the invariance of formulas according to a general frame
transformation. The idea behind this being that laws of physics should look the same in
any reference frame. With the same kind of notation used in the first paragraph (1), a
general coordinate transformation on the tuple z#=%%23 can be written:

P (r|z)" = ' (x)

the r#(x) being four “well behaved” functions (of the z*) that are seen as the parameters
of the transformation & (similar as an antisymmetric matrix A is seen as the parameter
of a Lorentz transformation). If we introduce the notation:

RIrl(z) = 9,{r"}(z)  RIl(z) = a,{(r"")"}(r(x))

we have:

Rii(2) Ry (x) = 0,{(r~" o r)"(2)} () = O, {a#} =" o
Ri(2) R} () = 9,{(r o r ™) (a)} (r(x)) =" 6
With this, a general frame transformation for a ¢(z), a V#(z), a T#(x), a T (x), etc,
- #°(110) (#°(r1) = o(a)
' (r|V )" (%°(rlx)) = Ry (2)V*(x) (35)
Z" (r| )" (%°(r|x)) = Rli(z)Ry(x)T* (x)
B (1| 1) (R (1)) = R () Ry () T ()
For all the upper definitions, we have the important composition group property:
R (11| R (3| whatever)) = Z(ry o rylwhatever)

We can note that for these, a Lorentz transformation .Z is a particular case of a Z if we
take:
def
r(x) = ()"

If, by using a g, (x), we define the length of of a V*(z) with:

Ug)(V)(x) = g (2) V() V" (2)

with the upper definitions (35), it is easy to show that it is invariant by a general frame
transformation: .
UZ.(r|g)|(Z2° (r|V))(Z°(r|2)) = lg](V) ()
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D.2 Spinor transformation? Vierbein

Concerning a spinor transformation %#°, we have a slight problem since we have no obvious
extension of the Lorentz transformation #° (4) for them. To handle the Dirac equa-
tion within general relativity, people do a (not so appealing) compound construction by

introducing “vierbein” fields e/‘j(:p) bearing two indices of different kind concerning trans-

formations. The vierbein fields are considered to be more fundamental than the metric
g (), and in fact define the metric with:

def
G (%) = €5 (x)e)()Mas (36)
Are introduced also co-vierbein fields é*(x) such that:

eo‘(x)ég(x) o 05 ek (r)ed(x) = o

(63 v

D.3 Local (or internal) Lorentz transformation .#;

Concerning transformations for efj(az), the Z one is applied for the p down index, but an
“internal” or “local” Lorentz one .%; is applied for the v upper one. The %} is defined as:

Li (Al = o
(then no effect on z*), and on a ¥ (z):

L2 (A)*(x) = (") 5y (2)

We note then the important difference with a %; the z* are not changed with a &
transformation.

D.4 Dirac equation with vierbein

The Dirac equation on “curved spacetime” is now written:
eh(2)in" Db () = =i () (37)
Someone can check that this equation is invariant by both the % and .Z; transformations
ith:
N @ (r 1) () ()
L7 (Al)* (x) = (" H)5e (@)

R.(r]e”) (% (rlx)) = Rj(x)e)(2)
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27 (Aley)*(z) = (e")jen(x)
% (rle,)* (#°(r]x)) = €)i(x)
L7 (Ale™) (@) = €ji(w)

R (r]ea)"(%°(r|z)) = Ri(x)es(x)
Z1o(Ale")a(x) = (e74M)2e5 ()

«

#°(r|e")o(%°(r]2)) = eh(z)

Zrs(Alea) () = eh(a)

To play with the upper transformations over the vierbein and co-vierbein fields, we can
show that with the metric defined by (36) we have:

Ron(719) () =" R (r]e®) () Ru(r|€7) (2)ag

and:

Z15(Alg)(2) = gu(2) F L7 (Ale,) ()27 (Ale,)’ (€)11ag

The compound construction (37) is probably related to the fact that, put all together, it
makes no sense to attempt to mix the Dirac equation, related to the “quantum world”, with
maths related to the macroscopic world modeled with general relativity, and this without
having unified in first place the ideas related to these two worlds. (A “quantum gravity”
theory will probably be based on only one single “crystal clear” transformation).

By using the Majorana representation, the equation (37) can be written:

W () 5§ Otb(x) = Zou(x)

«

W (w) = &) (n")a

which is similar to (15) but with the h#*(z) fields being now not constant and transforming
in a mixed way for each index (with Z for the first one and .%; for the second one). We
can reach, here too, the conclusion that this equation is not so natural from a group point
of view and something as (16) or (20) would be better.
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